Motivation: observed total effect, and the exposure is not intervenable

Notation
- E[Y,M,]: expectation that takes over both outcome and the random variable
M, (that is, both Y and M, are RVs), so only intervene on exposure.

1. total effect: E[Y,r, ]| — E[Yaun,« = ElY.] — E[Y,*](ATE) notational con-
vention: Y, M, =Y,

2. ?7?7controlled direct effect E|[Y,,,] — F[Y,«,] : with mediator controlled
at level m (control on m will introduce selection bias, M is the common cause of
confounder and A page 7)

why controlled direct effct is of interest

3. natural indirect/direct effect:

ElYo] = ElYe] = ElYar,] = E[Yarar,.]
= (ElYar,] = EYan,.]) (1)
+ (E[}/aMa*:I - E[}/G‘*Ma*])(2>
where term (1) is the natural indirect effect (A fixed at A=a, so there is no direct

effect); term(2) is the natural direct effect: M,« are from the same distribution. why
called natural?: intervene on the exposure and do not intervene on mediator.

other names:

- ElYam,] — E[Yan,.]: indirect effect + interaction effect(E[Yqa,] a=1 versus
a*=0) (this is also called total indirect effect)

- ElYam,.] — E[Yaru,.]: pure direct effect

Alternative decomposition:

= (ElYam,) — E[Yem,]) (?7natural direct effect)
+ (E[Yam,) — E[Yarr,.]) (??natural indirect effect)

E[Yuu,] — E[Yarn,]: direct effect + interaction

other names:

- E[Y ] — E[Yasar,]: direct effect 4 interaction effect(E[Y, | a=1 versus
a*=0) (this is also called total direct effect)

- E|Yym,] — ElYa 0. ]: pure indirect effect

“cross-world”: potential outcomes Y/, where the direct pathway is in-
tervened at exposure level a and the indirect pathway at level a

Identification of NIE and NDE
Assumptions



1. joint exchangeability: Y,,, 1 (A, M) | X

2. positivity : P(A=a,M =m|z) > 0 for all a, m

3. comsistency: Y, =Y

e 4. M, I A| X: we have to observe all the confounders of the
exposure on mediator effect.

e 5. Y, 1l M, | X:cross-world independence assumption
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:J Een [ ELCin® ] £ dn
A
- JP\ Jm Er[ClA%) Jg(l’;lfﬂ de —E{mdp\

= j;\ Jom JC C Jeclngyde f @A 48 fra) da
| ‘”-;:e’e{m

2 Jc C'Jﬁ BM jimmn '{meffm)ée dade

:jCC ‘S[C)EIL

= E(C)

ElYau,.] = Ex (Eu,. i x E[Yau,.
_ Z Z E[Y;zm | x]cross-world indep assumptionP(Ma* —m | x)mediator distP(X _ x)confounder

M., X]) law of total expectation

_ ZZE[YA3consistency ’ A=a, M= mAl,x]P(M —m | A= CI,*A4,$)P(X _ [L’)



