
• two measurement occasions (pre-post)

– one group: tn−1 = d̄
sd/

√
n
, di = β0 + ϵi, H0 : β0 = 0 (within-variation due to treatment effect)

– two group:

∗ change score analysis: di = β0 + β1 · grpi + ϵi, or yi2 = β0 + β1 · grpi + 1 · yi1 + ϵi (between
variation due to treatment effect)

∗ ANCOVA: yi2 = β0 + β1 · grpi + β2 · yi1 + ϵi (between ind variation due to treatment effect
and between-subject baseline variation, control for baseline variations β2 · yi1)

• more than two measures: model mean + covariance

Response profile analysis (saturated model, time as discrete)

Yi = Xiβ + ϵi or Yij = β1xij1 + . . . + βpxijp + eij

where ei ∼ MVN(0,Σi), Σi(unknown, no assump.) is the var-cov matrix of individual i . param of interest:
β and Σ.

glsmodel <− g l s ( Lead ˜ Treatment ∗ Week , co r r=corSymm( form = ˜ Time | ID ) ,
weights = varIdent ( form = ˜ 1 | Week) , method = ”REML” , data = t l c l o n g )

• Are the mean response profiles similar in the groups

• ignore time ordering (discrete t), for balanced data, for 4-5 occassions

Linear/quadratic trend model

Linear: E(Yij) = β0 + β1 · tij + β2 · grpij + β3 · tij · grpij

l inmode l <− g l s ( f ev1 ˜ smoking∗year , co r r=corSymm( form= ˜ t | id ) ,
weights = varIdent ( form = ˜ 1 | t ) , data = smoking )

Quadratic: E(Yij) = β0 + β1 · tij + β2 · grpij + β3 · tij · grpij + β4 · t2ij + ·t2ij · grpij

• rate of change dep on tij in quadratic model

• center t to avoid collinearity in quadratic model (yrvec = unique(smoking$year), meanyr =
mean(yrvec), yearc = year - meanyr)

• LRT: testing mean use ”ML”, default is ”REML”

Linear spline

E(Yij) = β0 + β1 · tij + β2 · grpij + β3 · tij · grpij + β4 · (tij − t
⋆
)+ + β5 · (tij − t

⋆
) · grpij

where (tij − t⋆)+ = (tij − t⋆) if tij > t⋆ 0 otherwise.

Linear mixed effect model
Y i = Xiβ + Zi · bi + ϵi

• bi ∼ MVN(0,G), ϵi ∼ MVN(0,Ri) where Ri = σ2Ini

• Zi(ni × q), Xi(ni × p), β(p × 1), bi(q × 1)

• between subj variation captured by random intercept/baseline + random slope/gain; within subj
variation captured by error term.

• COV(Yi | bi) = Ri, COV(Yi) = ZiGZT
i + σ2Ini

[Z includes time, so cov(Y ) is a fun of time]

Random intercept model

Yij = Xijβ + bi + ϵij or E(Yij | bi,Xij) = Xijβ + bi

• where bi ∼ N(0, σ2
b ), error ϵij ∼ N(0, σ2), and bi ⊥ ϵij , ϵij ⊥ ϵik. V (Yij) = σ2

b + σ2 and

COV(Yij , Yik) = σ2
b

• between-individual comes from variation in baseline(random intercept), within-individual comes from
error term

• intra class/within-subj correlation:
σ2
b

σ2
b
+σ2 (degree of clustering)

• interpreted as marginal and conditional mean response

rim <− lme ( f ev1 ˜ year + smoking , random = ˜ 1 | id , data = smoking ) # nlme
rim2 <− lmer ( f ev1 ˜ year + smoking + ( 1 | id ) , data = smoking ) # lme4

Random intercept and slope model

Yij = β1 · tij + β2 · grpi + β3 · tij · grpi + b1i + b2i · tij + ϵij

E(Yij |bi) = β1 + β2tij + β3tij+ + b1i + b2itij + b3itij+ (menopause)

bf <− bf %>% mutate ( time0 = time ∗ I ( time >= 0)) l i b r a r y ( nlme )
modela <− lme ( pbf ˜ time + time0 , random= ˜ time + time0 | id , data = bf )

Approximately 95% of subjects have changes in percent body fat between -2.09% and 2.92%

(β21.96 ×
√

σ2
b2

= 0.421.961.28)

Generalized linear mixed effect model

• bi ∼ MVN(0,G)

• conditional mean of Yij : g[E(Yij | bi)] = ηij = Xijβ + Zijbi, g(·) is a function of conditional mean
response

• V ar(Yij | bi) = v[E(Yij | bi)]ϕ v(·) is a function of conditional mean response

• subject-specific interpretation: cannot directly get the marginal mean response. β refers to the effect
for a unite increase in Xijp for any given individual having some unobservable underlying propensity to
repsond positively, bi

• if Xij is between subject covariate, β change in log odds of response for two different individuals who
happen to have the same value for the random effect, but who differ by on unite in the covariate Xijp

mod1 <− glmer (Count ˜ o f f s e t ( logT ) + Post + TrtPost + (1 + Post | PtID ) ,
data = s z r l , f ami ly = po i s son ( l i n k = ” log ”) )

Random intercept + covariance pattern model

Yij = Xijβ + b0i + Ui(tij) + ϵ
⋆
ij

Covariance pattern models

• unstructure: corSymm(form = ∼ t⋆ | id)

• compound symmetry/exchangeable corCompSymm(form =∼ t⋆ | id)

• Toeplitz corARMA(form =∼ t⋆ | id,p=1,q=1)

• AR1 corAR1(form = ∼ t⋆ | id)

• exponential corExp(form =∼ t | id )

where t⋆ is the measurement occasion, t is the actual time. LRT and ”REML” for comparison of covariance
pattern models.

• start with all covariates and decide wich covariance pattern to use (using REML), then ML to select
mean resposne model



Compound Symmetry (Exchangeable):ssumes that the variance is
constant across occasions, and the correlation is the same between any
two measurement occasions.

Cov(Yi) = σ2
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
Toeplitz structure assumes that the variance is constant across
occasions, and the correlation depends on the distance between the two
time points.

Cov(Yi) = σ2
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
AR1 structure assumes that the correlation decreases as the time
difference between measurements increases. The AR1 structure is very
parsimonious, only requiring two parameters (variance and correlation).

Cov(Yi) = σ2
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

Exponential: For measurement occasions that are not equally spaced,
an exponential covariance structure is used. This model assumes that
the correlation between two time points decays exponentially with the
absolute difference in time.

Cov(Yi) = σ2
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

Heterogeneous variances: V (Yij = σ2
i )


