
Hypothesis Testing θ̂: unrestricted mle;H0 : θ = θ0 vs. H1 : θ ̸= θ0.

Wald Test - MLE θ̂ under null θ = θ0,

W =
(θ̂−θ0)2

1/I(θ̂)
∼ χ(1); W =

θ̂−θ0
SE(θ̂)

∼ N(0, 1)[I(θ̂) obs info matrix]

Score Test - Null distribution θ0 by CLT S(θ) ∼ N(0, In(θ)) under null
S(θ0)2

I(θ0)
∼ χ(1);

S(θ0)√
I(θ0)

∼ N(0, 1) E[S(θ)] = 0 and V (S(θ)) = In(θ)

Res. Deviance : pf. l(θ0) expand around θ̂. Power Function: type I:
P(reject null| null); power: p(accept null| h1); type II: 1- power

Survival Analysis

Basics S(t) = P (T̃ > t) = 1 − F (t) f(t) =
dF (t)

dt = − dS(t)
dt ; hazard fun.

(rate, instantaneous occurrence) λ(t) = limδ→0
P (t≤T̃<t+δ|T̃>t)=λδ

δ

lim
F (t+δ)−F (t)

S(t)δ
=

f(t)
S(t)

= − dS(t)
S(t)dt

= − d
dt lnS(t) = − d

dt ln 1 − F (t);∫ t
0
λ(u)du =

∫ t
0

f(u)
1−F (u)

du = − ln(1 − F (u))

∣∣∣∣t
0

→ Λ(t) = − lnS(t)

→ S(t) = exp(−Λ(t)) = exp(−
∫ t
0
λ(t)dt)

likelihood(cont.) Ln(θ; ti, Xi) ∝
∏n

i=1[λi(ti|xi, θ)
eiSi(ti|xi, θ)]

(1)uncensored Ei = 1 at t ⇔P (t <= Ti < t+ dt;Ei = 1)
A1
= P (Ci > t|xi, θ)P (t ≤ T̃i < t+ dt|T̃i > t)P (T̃i > t|xi, θ)

A2
=

∝ λi(t|xi, θ)dtSi(t|xi, θ)

(2) censored(Ei = 0) at t ⇔ P (t ≤ Ti < t+ dt;Ei = 0)
A1
=

P (t ≤ Ci < t+ dt|xi, θ) P (T̃i > t|xi, θ)
A2
= ∝ Si(ti|xi, θ)

A1: indep censoring Ci ⊥ T̃i|Xi A2: noninfo. censor Ci not involve θ
ℓ(θ) ∝

∑
ei log(λi(ti|xi, θ)) +

∑
logSi(ti|xi, θ)/

∑
−

∫ t
0
λ(t; θ)dt

pois likelihood D ∼ pois(λ) (1) one sample:

ℓ(λ) = D log(λ) − λ
∑n

i=1 ti/λY , Y: total person-year; λ̂) = D
Y ,

se(λ̂) =
√

D
Y , reparam α = log(λ) [more symmetric] ,se log(λ̂) =

√
1
D

[FI](2) two sample ℓ(λ0, λ1) = d0 log(λ0) − λ0
∑n

i=1 t
λ0Y0
i +

d1 log(λ1) − λ1
∑n

i=1 t
λ1Y1
i mle λ̂i =

di
Yi

reparam: log(λ0) = α,

log(λ1) = α+ β; mle α̂ = log(
d0
Y0

), β̂ = log(
d0
Y0
/

d1
Y1

)

bern likelihood N bins each iid Bern(π), length h(Y = Nh). µ = λY
= Nπ → λconstant = πN

Y = π
h /

µ
Y [bern/pois]. surv one bin=1- risk

=1-π = (1-λh). T-year surv:(1 − λh)N = exp(log(1 − λh)N )
= exp(N × (−λh)) ≈ exp(−λT ) [T = Nh],trick ex ≈ 1+ x, log(1+ x) ≈ x

exp likelihood λ exp(−λt), then L(λ) = e−λUn+1
∏D

j=1 λ exp(−λuj) =

λD exp−λT , [aggre data,each interval Uj is exp dist, Uj+1 censor at T]
(1) one sample mle n∑

yi

∑
yi ∼ Γ → χ cal CI (2) two sample: HR ω

(OI), ρ hazard in group0, LRT=2(ℓ(ω̂, ρ̂) - ℓ(ω0, ρ̂ω0 ))

exp model repa T̃ ∼ exp(λ = λ0e
βX = eα+βX), model λ = λ0e

βX .

Si(t; θ) = e−
∫ t
0 λ0eβxidt = e−tλ0eβxi

= S0(t; θ)e
βxi [log(-logS)]

AFT logT̃i = α+ γxi + σϵ, Si(te
γxi ) = S0(t) or Si(t) = S0(te

−γxi )

λ0 = e−α, β = −γ or (−γ/σ); σ = 1 or (1/κ)

Weibull λi(t; θ) = λκ(λt)κ−1eβxi ; Si(t; θ) = e−(λt)κeβxi
shape param

κ > 1 ↑ hazard

Discrete case S(tj) = P (T̃ > tj) =
P (T̃>tj)

P (T̃>tj−1)
P (T̃ > tj−1) =

P (T̃>tj)

P (T̃>tj−1)

P (T̃>tj−1)

P (T̃>tj−2)
... =

∏ S(tj)

S(tj−1)
=

∏
(1 − h(tj))

Discrete hazard is a condit. prob h(tj) = P (T̃ = tj |T̃ ≥ tj)

=
S(tj−1)−S(tj)

S(tj−1)
= 1 −

S(tj)

S(tj−1)
→ S(tj) =

∏ S(tj)

S(tj−1)

=
∏

tj≤t(1 − h(tj)) [S(t) multiplication of previous survivals]

Discrete likelihood ℓ(h⃗) =
∑T

j=1 dj log(hj) +
∑T

j=1(rj − dj) log(1 − hj)

Kaplan-Meier from liklhd, ĥj =
dj
rj

, so Ŝ(t) =
∏

j:tj≤t

[
1 −

dj
rj

]

=
∏

u≤t

[
1 − 1{Y (u)>0}

Y (u)
dN(u)

]
term2:(1− λ(t)dt) [dj death at j; rj risk

at j]; , var(ĥj) = var(1 − ĥj) =
ĥj(1−ĥj)

rj
[OFI inverse]. curve [5,14)

Greenwood V (Ŝ(t)) V (logŜ(t)) =
∑

j:tj≤t

V (log(1 −
dj
rj

))

g=log(1-h)
≈

∑
j:tj≤t

[1/(1 − dj/nj)
2]V (

dj
rj

) =
∑ dj

rj(rj−dj)
;

V (Ŝ(t)) = Ŝ(t)2
∑

j:tj≤t

dj
nj(nj−dj)

= Ŝ(t)2
∫ t
0

dN(u)
Y (u)[Y (u)−dN(u)]

[delta2:g = exp(x) x = logS(t)]; twice delta method. Problem: CI not
bounded in(0,1).

Nelson-Aalen unbiased cum. hazard Λ̂NA(t) =
∑

j:tj≤t

dj
rj
,

=
∫ t
0

1{Y (u)>0}
Y (u)

dN(u) ŜKM(t) ≈ exp[−Λ̂NA(t)],

CI = Λ(t) ± z1−α
2

× S.E.[Λ̂(t)] ,var(Λ̂(t)) =var(log(S(t))) as

Λ̂(t) = − log(S(t)) see greenwood; KM var : V (Ĥ(t)) =
∑

j:tj≤t

dj

r2
j

COX reg partial likelihood model λi(t;Zi) = λ0(t) exp(β
′Zi(t))

zi(t) = 1{vi<t},
∏n

i=1

(
exp(β′zi(ti))∑n

l=1
Yl(ti) exp(β′zl(ti))

)ei
, i and j with vi < t

and vj > t
λi(t)

λj(t)
= exp(β) [time-varying cov/immortal]

log-rank dkj ∼ Bin(rkj , λjh) & dkj |dj ∼ hyp(rkj , rj , dj), rkj is the
number at risk for group k at time tj , dkj is event count for group k at

time tj , nj is total count. Ej(0) =
djr1j

rj
Vj(0) =

djr0jr1j(rj−dj)

r2
j
(rj−1)

U(0)2/I(0) =
(∑g

j=1 d1j −
∑g

j=1 Ej

)2
/
∑g

j=1 Vj ∼ χ2(1)

Breslow Estimator Λ̂0(t) Si(t) = e−Λ0(t) exp(β̂′X) [Model-based survival

probability], Λ̂0(ti) =
∑

j:tj≤t

(
dj∑n

l
Yl exp(βXl)

)
where Yi(t) = 1Ti≥t

at-risk. Λ̂(t) = Λ̂0(t)e
β̂′X)

s-year risk πi(s) = 1 − Si(s) = 1 − e−Λ0(s) exp(β̂′X)

Diagnostic (1) martingale resi fun form cont var (2) cum hazard vs
cox-snell resi (model fit linear) (3)score res outlier/influential (4)
schoenfeld res PH assump (5) dfbeta(s) influential obs 2√

n
threshold

Assess PH assmp. (1) Schoenfeld residuals, (2) log(-log(S(t)) plots -
parallel lines, (3) covariate-time interaction.

homogeneous pois process: (1) N(t) −N(s) ∼ poi(λ(t− s)) (2)
interarrival time Uj idep exp(1/λ) (3) num event in non-overlap tiem
intervals ⊥
Counting process: (1)Ñi(t) = 1{T̃i≤ti}

; At-risk Yi(t) = 1{T̃i≥ti}
;

(2)jump: dÑi(t) = Ñi(t
− + dt) − Ñi(t

−); (3) P (dÑi(t) = 1| Ñi(t) = 0)
= λ(t)dt. (4) N(t) =

∑
Ni(t) (cum case); dN(t): jump/cases at t;

Y (t) =
∑
Yi(t) (5) P (dNi(t) = 1|Ft− ) = E(dNi(t)|Ft− ) = Yi(t)λi(t)dt

intensity process Yi(t)λi(t) define diff dMi(t) = dNi(t) − Yi(t)λi(t)dt
(O-E), take E, E[dMi(t) | Ft− ] = E[dNi(t) | Ft− ]=5

−E[Yi(t)λi(t) dt | Ft− ] = 0

martingale ϵ Mi(t) = Ni(t) −
∫ t
0
Yi(u)λi(u)du; Mi = δi − eβ̂

T zi Ĥ0(ti);
E[Mi(t) | Fs] = Mi(s), E[M(t) −M(s) | Fs] = 0

competing risk 1 − p(transplant) : die before trans or surv not trans.

cause-speci hazard λj(t) ≡ limP(t ≤ T̃i < t+ h, Ẽi = j | T̃i ≥ t)/h;

fj(t)dt = λj(t) dt exp
{
−

∫ t
0

∑J
k=1 λk(u) du

}
no event occ,

∑
fj = 1;

cox-type:λij(t) = λ0j(t) exp{β′
jxi}; cum incidence: π̂ij(s) =∑

k dΛ̂ij(tk) exp
{
−

∑J
j=1 Λ̂ij(tk−1)

}
, Λij(t) = Λ0j(t) exp{β′

jxi} cum

base from breslow; non-param: nelson+KM, AalenJohansen

π̂j(s) =
∑

k:tk≤s

djk
rk

ŜKM (tk−1), Ŝ =
∏

k:tk≤t

(
1 −

∑J
j=1 djk

rk

)
subdist hazard at risk or devlp other event ψij(t) = ψ0j(t) exp{γ′

jxi}

,ψj(t) ≡ limP
(
t ≤ T̃i < t+ h, Ẽi = j | T̃i ≥ t or (T̃i < t and Ẽi ̸= j)

)
,

π̂ij(s) = 1 − exp
{
−Ψ̂0j(s) exp

{
γ̂′
jxi

}}
connect cox-type-finegray

πj(t) = 1 − exp {−Ψj(t)}
Piecewise hazard:

∏n
i=1

∏k
k=1

∏l
l=1 λ

dikl
kl exp (−yiklλkldt) where∑n

i dikl ∼ pois(λkl,
∑n

i yikl), model log(λikl) = αk + βl + γ′Xi

L(β) =
∏n

i=1

∏K
k=1[(λ0kexp(β

′xi))
dikexp(−yikλ0kexp(β

′xi)),

λ̂0k(β) = dk/{
∑n

i yikexp(β
′xi)}

Diagnostics (1)Sen/TP = P (π̂i(s) > π∗|Ñi(s) = 1) and

PPV = P (Ñi(s) = 1|π̂i(s) > π∗). (2) Spe/TN=
P (π̂i(s) < π∗|Ni(s) = 0) and NPV=P (Ni(s) = 0|π̂i(s) < π∗)
AUC sen vs 1-spe P (π̂i(s) > π̂j(s)|Ni(s) = 1, Nj(s) = 0), w/o censoring,

estimate as prop. of concordant pairs:P (π̂i(s) > π̂j(s)|T̃i < T̃j) when
censor, use C-index: (Tcensor > Tnon-censor) .
Estimate sen/spe w/ censoring: use bayes & KM est.

Sen=
(1−P (Ni(s)=0|π̂i(s)≥π∗)(1−P (π̂i(s)<π∗)

1−P (Ni(s)=0)
.

Spe=
P (Ni(s)=0|π̂i(s)<π∗)P (π̂i(s)<π∗)[empirical prop]

P (Ni(s)=0)s-year survival KM ,

Calibration Hosmer-Lemeshow
∑K

k=1

(Ok−Ek)2

Nkπ̄k(1−π̄k)
∼ χ2

k−2, Ek = Nkπ̄k;

π̄k avg risk in grp k, w/ censor Ok = Nk(1 − Sk(s)) from KM. Brier

score (1/n)
∑n

i=1

(
Ñi(s) − π̂i(s)

)2

Eliminate nuisance param: (1) data y = (v, w),
P (v, w|θ, ψ) = P (w|v, θ)P (v|θ, ψ) if v3 is ancillary. (2) Profile∏n

i=1

∏K
k=1[λ0k exp(β′x)]dik exp(−yikλik exp(β′xi)) (person i, int k).

MLE BaseHaz λ̂0k =
dk∑n

i=1
yikexp(βxi)

to get∏n
i=1

∏k
k=1

(
exp(βxi)∑n

l=1
yl(ti)exp(βxl)

)dik
where i =individual, k =interval.

Only i individuals with events contribute, Cox PH simplifies to∏n
i=1

(
exp(β′xi)∑n

l
Yl(ti)dtexp(β′xl)

)ei
where Yl(ti) = 1{Tl≥ti} and

ei = 1{Ti≤Ci}. Partial lkhd for 1-1 match :

P (Di1 = 1|Di1 +Di2 = 1, zi1, xi1, zi2, xi2, ; θ) =
P (dNi(t) = 1|dNi1(t) + dNi2(t) = 1, Fti−, θ) =

exp(αi+β′Zi1+γ′Xi1)

exp(αi+β′Zi1+γ′Xi1)+exp(β′Zi2+γ′Xi2)
. Partial LKHD becomes∏d

i=1
exp(β′Zi1+γ′Xi1)

exp(β′Zi1+γ′Xi1)+exp(β′Zi2+γ′Xi2)
where θ = (α, β, γ).

Counting Process: (1) N(0) = 0, (2) N(t) ∈ {...,−1, 0, 1, ...}, (3 & 4)
s < t ⇒ N(s) < N(t) and N(t) −N(s) = # events in interval (s, t].
N(s+ t) −N(s) ∼ Poisson(λt) Properties: (1) Memoryless
P (X > s+ t|X > t) = P (X > s) ∀ s, t ≥ 0. depends only on the length
(2) Independent non-overlapping increments: N(s+ t) −N(s) ⊥ N(t).
(3) Poisson-Gamma Duality: N(t) ∼ Poiss(λt), Sn ∼ Gamma(n, λ) ⇒
P (N(t) ≥ n) = P (Sn ≤ t), N(t) =

∑
Ni(t) ∼ Pois(

∑
λk) Interarrival

Times {Tn, n ≥ 1} ∼ exp (λ) = time between (n− 1)th and nth event.
P (T1 > t) = P (N(t) = 0). P (T2 > t) = E[P (T2 > t | T1] =∫
s
P (N(t+ s) −N(s) = 0 | N(s) = 1)ds

⊥
= e−λt

Waiting Times Sn =
∑n

i=1 Ti ∼ Gamma(n, λ),
Order stat: P (T1 < s1, T2 < s1 + s2, ...Tn < s1 + ...+ sn|N(t) = n) =
n!

∏n
i=1

si
tn 1(0 < s(1) < ... < s(n) < t) ⇒ U(0, t) Ran. Samp. Order S.

Cond. Dist: T1|N(t) = 1 ∼ U(0, t), N(s)|N(t) = n ∼ Bin(n, s
t )

Ti ∼ exp(λi) ⇒ P (X1 < X2) =
∫ ∞
0
P (X1 < X2|X1 = x)P (X1 = x)dx =∫ ∞

0
P (x < X2)λ1 exp(−λ1x)dx =

λ1
λ1+λ2

MC: at time n, dist of Xn= S⃗1×M (m states) → dist of Xn+1 = S⃗Q as:
p(xn+1 = j) =

∑
i P (xn+1 = j|xn = i)pijP (xn = i)si =

∑
i sipij


