Hypothesis Testing : unrestricted mle; Hg
Jald Test - MLE 6 under null § = 6o,

_ (6-069)? 6-6g 5 . .
=TTy ™ SE@) N(0,1)[I() obs info matrix]

:0:90VS. H129;£90.

X); W=

Score Test - Null distribution 6y by CLT S(6) ~ N (0,
5(00)2

I,(0)) under null

S (6,
SR ~ X1y \/1(7700)) ~ N(0,1) E[S(6)] =0 and V(5(6)) = I,,(6)
Res. Deviance : pf. [(6p) expand around #. Power Function: type I:

P(reject null| null); power: p(accept null| hl); type II: 1- power

Survival Analysis

Basics S(t) = P(T > t) =1 — dF(t)

ds(t) ; hazard fun.

F() f(t) =

(rate, instantaneous occurrence) A(t) = lims_0
dS(t) _

P(th<z+a|T>t) A&
5

. F(+8)—F(t) _ f(t) _ _ .

lim £ = £ = — S0k =~ 0 S = —f In1 - F(0);
t

JoMwydu = [ LG5 du = —In(1 - F(u)) 7 A(t) = —In S(t)

— S(t) = exp(—A(t)) = exp(— fol A(t)dt)

likelihood(cont.) Ly (0;t:, X;3) oc [T [Ni(ti|zi, 0)% S (ts]zi, 0)]
(1)uncensored E; =l att Pt <=T; < t+dt; E; =1)

Y P(Ci > tlzi, )Pt < T; < t+ dt|Ti > t)P(T; > tlzs, 0) 2

o )\i(t‘ri, Q)dtSi(t\:ci, 9)

(2) censored(E; =0) at t < P(t <T; <t+dt; E; =0) A

P(t < C; <t dtlai,0) P(Ti > tlas, 0) =2 o Si(ti]a;,0)

Al: indep censoring C; L T,L-|X,i A2: noninfo. censor C; not involve 6

£(0) < > e; log(Ni(tilzi, 0)) + > log Si(ti|xi, 0)/ > — [OL A(t; 0)dt
pois likelihood D ~ pois(\) (1) one sample:

(X)) = Dlog(A) — AX2" | ti/AY, Y: total person-year; ) = L,

se(A) = @, reparam o = log(\) [more symmetric] ,se log(l) = %
[FI](2) two sample £(Xo, A1) = dolog(Xo) — Ao Do
dylog(A1) — A1 D00, tAlY1 mle \; = d—; reparam: log()\o) =a,

log(A1) = a + B mle & = log(42), § = log(42 /&)

bern likelihood N bins each iid Bern(m), length h(Y = Nh). p =AY

= Nr — xeonstent = gz = = /L [bern/pois]. surv one bin=1- risk
=1-m = (1-Ah). T-year surv:(1 — Ah)N = exp(log(1 — AR)Y)

= exp(N X (—=Ah)) = exp(—AT) [T = Nh],trick e” =~ 1+ z,log(l+z) = =
exp likelihood X exp(—At), then L(\) = e AUn+1 H]'Dzl Aexp(—Auj) =
AT

$r0Yo
t; +

AP exp , laggre data,each interval Uj is exp dist, Uj41 censor at T]
(1) one sample mle = S yi ~T — x cal CI (2) two sample: HR w
i

(OI), p hazard in group0, LRT=2(£(&, p) - £(wo, Puwg )

exp model repa T ~ exp(A = Age?X = ea+ﬂx), model A = Xge?X.
Si(t;0) =e” J§roePTiar _ g—troelTi _ So(t; 0)eP®i [log(-logS)]

AFT logT; = a + yx; + o€, S;(te"¥i) = So(t) or S;(t) = So(te” 77i)
do=e=®, f=—vor (—y/0); o =1or (1/x)

Weibull X\;(t;0) = )\n(/\t)"fleﬁwi; Si(t;0) = ef(“)meﬁzi shape param
x > 1 1 hazard

Discrete case S(t;) = P(’f1 >t;) = %P(T S ty_1) =
i—1
P(T>t;) P(T>t;j_y) St B ‘
P(T>tj_1) P(T>t;_2)"" =11 SCt;_1) — [I(1 = h(t5))

Discrete hazard is a condit. prob h(t;) = P('f' =t; \T > ty)
S(tj—1)—S(t;) S(tj) S(t )

= JS(t — =1_S<t 5 —)S(tj)—l'[s -

Ht <+(1 = h(t;)) [S(t) multlphcatlon of prevlous survivals]

Dlscmtc likelihood £(h) = 27’, djlog(hj) + Zj:l( 5 —dj)log(l — hj)

Kaplan-Meier from liklhd, }ALJ' = ?, so S(t) = Hj_{ <y [1 — d—J}
<t

J ]

=< [1 - Mdzv(u)] term2'( — A(t)dt) [d; death at j; r; risk

Y
by (1

at jl; , var(h;) = var(1 — hy) = [OFI inverse].

, S Vitog(1 - %))
Jit;<t J

curve [5,14)
Greenwood V(S(t)) V(logS(t)) =

g=log(1-h) d;
~ > [1/(1—d/nj) ]V(J)—Er.(r,ij,d.ﬁ
jitj<t EA A
& dj & dN (u
V(S@®) = 5(1)° "j(njj—dﬁ =81 [y Y(u)[Y(ug—)de)]

it <t
[delta2:g = exp(z) x = logS(t)]; twice delta method. Problem: CI not
bounded in(0,1).

R ds
Nelson-Aalen unbiased cum. hazard Ana(t) = > J

Jit; <t Tj’
1 N ~
= [y =0 AN (u) Swm(t) & exp[—Ana ()],

CI =A(t) £ Z1_g X S.E.[A(t)] ,var(A(t)) =var(log(S(t))) as
A = VIAW) = 5500 o
COX reg partial likelihood model \;(t; Z;) = Ao (¢) exp(B' Zi(t))
zi(t) = 1oy, <tys [T, (E{;l ;);I():gl:i;()t(g)’)zl(ti)) K
-L(t)

o = exp(f) [time-varying cov/immortal]

=

—log(S(t)) see greenwood; KM var :

r

<)

,iand j with v; <t

and v; >t
log-rank di; ~ Bin(rkj, Ajh) & dij|d; ~ hyp(ri;,75,d;), rk; is the
number at risk for group k at time t;, dy; is event count for group k at
time t;, n; is total count. E;(0) = dj,’;lj V;(0) = %f:i;dﬁ)

Fi
U(0)/1(0) = (S9y dij — S92y Bi) /S0y Vi ~ X (1)
Breslow Estimator Ag(t) S;(t) = e~ Ro(t) exp(8'X) [Model-based survival
probability], Ag(t;) = Zj:tht <W) where Y;(t) = 17,>¢
at-risk. A(t) = Ao(t)ea/x)
s-year risk 7;(s) =1 — S;(s) =1 — e Nols) exp(8'X)
Diagnostic (1) martingale resi fun form cont var (2) cum hazard vs

cox-snell resi (model fit linear) (3)score res outlier/influential (4)
schoenfeld res PH assump (5) dfbeta(s) influential obs % threshold

Assess PH assmp. (1) Schoenfeld residuals, (2) log(-log(S(t)) plots -
parallel lines, (3) covariate-time interaction.

homogeneous pois process: (1) N(t) — N(s) ~ poi(A(t — s)) (2)
interarrival time U; idep exp(1/A) (3) num event in non-overlap tiem
intervals L B
Counting process: (1)N;(t) = l{i"i<ti}; At-risk Y;(t) = 1{7."7‘>ti};
(2)jump: dN;(t) = N;(t~ +dt) — N;(t7); (3) P(dN;(t) = 1| N;(t) =0)
= A(t)dt. (4) N(t) = > N;(t) (cum case); dN(t): jump/cases at t;

Y(t) = > Yi(t) (5) P(dNy(t) = 1|F,—) = E(dN;(t)|F,—) = Y;(t)\i(t)dt
intensity process Y;(t)\;(t) define diff dM;(t) = dN; (t) Yi(t) X (t)dt
(O-E), take E, E[dM;(t) | F,—] = E[dN;(t) | F,-]7"

—E[Y;(t)\;(t)dt | F,—] =

martingale e M;(t) = N;(t) — fot Yi(u)Xi(u)du; M; = 6; — AT
EIM;(t) | Fs] = Mi(s), BE[M(t) — M(s) | Fs] =0

i [ (t:);

competing risk 1 — p(transplant) : diekbefore trans or surv not trans.
cause-speci hazard \j(t) = lmP(t < T; <t+h,E; =j | T; > t)/h;
fi(t)dt = X;(t) dt exp {7 fot S Ak (w) du} no event occ, > f; = 1;
cox-type:Ai;(t) = Xoj(t) cxp{ﬁ;zi}; cum incidence: 7;;(s) =

S dhij () exp { = X7_; Aij(ta-1) by Ais(8) = Aoy (1) exp{Bai} cum

base from breslow; non-param: nelson+KM, AalenJohansen

. dik & & Xj—1 djk
73(5) = Doz P Srear (), 8 = Mgz (1 25

subdist hazard at risk or devlp other event t;;(t) = to; (t) exp{vjz:}
i (1) = limP(t <Ti<t4+hBE=4|Ti>tor (T <tand E; ;éj)),

7i5(s) =1 —exp {7\iloj (s) exp {'Ay;:rl}} connect cox-type-finegray
mi(t) =1 —exp{-¥;(#)}
Piecewise hazard: T]" [TF_, TT'_; A “”ewp( Yiki Ak dt) where
St digr ~ POiS()\kl721 Yirt), model log(Xix1) = ax + B1 +~'X;
L(B) = TTi=y [T [(Rokeap(B'zi)) ik exp(—yir Aorexp(8'w:)),
Aok (B) = di /{37 yikexp(B'zi)} }
Diagnostics (1)Sen/TP = P(#;(s) > n*|N;(s) = 1) and
PPV = P(N;(s) = 1|#:(s) > 7). (2) Spe/TN=
P(#;(s) < 7*|N;(s) = 0) and NPV=P(N;(s) = 0|&;(s) < ©*)
AUC sen vs l-spe P(#;(s) > #;(s)|N;(s) =1, Nj(s) = 0), w/o censoring,
estimate as prop. of concordant pairs: P(7;(s) > frj(s)\i; < f"j) when
censor, use C-index: (Tcensor > Tnon»censor)
Estimate sen/spe w/ censoring: use bayes & KM est.
Sen= (1=PWN;()=0I7; () >m") (1= P(&;(s)<m™)

en 1=P(N;(5)=0)

P(Ni(S):0|"L(5)<7"*)P(‘l\'b(s)<7r*)[cmplr1cal prop]
P(N;(s)=0)s-year survival KM )

(Ok—Fp)?
Np7p(1—7g)
7, avg risk in grp k, w/ censor O = Nj (1 — Sk(s)) from KM. Brier

- 2
score (1/n) 27, (Ni(s) - fri(s))
Eliminate nuisance param: (1) data y = (v, w),
P(U w|0,v) = P(w|v, ) P(v]0, ) if v3 is ancillary. (2) Profile
. Hk 1[/\0k exp(,@ w)]d”C exp(—YirNik exp(B/a:i)) (person 1, int k).
k
MLE BaseHaz )\Dk =57 yzk‘izP(Bz )
" exp(By)
=1 Hk:l <El":1 yy(t;)exp(Bay)
Only ¢ individuals with events contribute, Cox PH simplifies to
e cap(8' ;) “i
=1\ X7 Vi (t;)dtexp(B )
e; =11, <c;}- Partial lkhd for 1-1 match :

P(Dj1 = 1|Di1 + Diz = 1, zi1, @41, 2i2, €42, 0) =
P(AN;(£) = 1|dNi1 (£) + dNga (8) = 1, Fy,, 0) =

Spe=

Calibration Hosmer-Lemeshow 25:1 ~ Xi_z, Eyx = Ng7g;

to get

k
) ' where 4 =individual, k =interval.

where Yi(t;) = Tery >t and

cap(a;+8'Zi1+9' Xi1) .
(e TB 2y T Xn) teen(B 2T Xi3) " Partial LKHD becomes
d cxp(B’ Zi1+7"X41)

i=1 exp(B'Z;1+7 X 1) texp(B Z;0+7" X;2) where 6 = (o, 8,7).

Counting Process: (1) N(0) =0, (2) N(¢t) € {...,—1,0,1,...}, (3 & 4)
s <t= N(s) < N(t) and N(t) — N(s) = # events in interval (s, t].
N(s+t) — N(s) ~ Poisson(At) Properties: (1) Memoryless

P(X >s+t|X >t) = P(X >s)Vs,t>0. depends only on the length
(2) Independent non-overlapping increments: N(s +t) — N(s) L N(t).
(3) Poisson-Gamma Duality: N(t) ~ Poiss(At), S, ~ Gamma(n, \) =
P(N(t) > n) = P(S, <t), N(t) => N;(t) ~ Pois(>_ Ax) Interarrival
Times {Th,n > 1} ~ exp (A) = time between (n — 1)*" and n'®
P(Tl > t) = P(N(t) :0) P(T2 > t) = E[P(Tg >t | Tl] =
J.P(N(t+s) — N(s) = 0| N(s) = 1)ds = e~

Waiting Times S, = > 7| T; ~ Gamma(n, \),

Order stat P(Th < sl,Tg < s1+82,..T, < s1+ ... + 8, |N(t) =n) =
I, $41(0 < s(1) < ... < S(ny < t) = U(0,t) Ran. Samp. Order S.
Cond. Dist: Ty|N(t) = 1 ~ U(0,t), N(s)|[N(t) =n ~ Bin(n, )

T; ~ exp(Xi) = P(X1 < X2) = [§° P(X1 < X2|X1 = 2)P(X1 = x)dz =
J&° Pz < X2)A1 exp(—Aiz)de = *1:-1/\2

MC: at time n, dist of X,,= §1><M (m states) — dist of Xp,41 = §Q as:
p(xnﬁ—l =J) = ZZ P(Inﬁ—l = J‘mn = 'L)pl] P(zn = i)si = Zl SiPij

event.




